We calculate, in the continuum limit of quenched lattice QCD, the matrix elements of the heavyheavy vector current between heavy-light pseudoscalar meson states. We present the form factors for different values of the initial and final meson masses at finite momentum transfer. In particular, we calculate the non-perturbative correction to the differential decay rate of the process B → Dℓν including the case of a non-vanishing lepton mass.
is odd,
In eq. (1) one can consider the limit in which both meson masses go to infinity at fixed 4-velocity; the left hand side is well defined in this limit and, consequently, also the form factors. It is thus legitimate to make a change of variables from the meson masses to the parameters ε + and ε − , defined as
Expressed as functions of the new variables, h
i→f ± ≡ h ± (w, ε + , ε − ) are well defined at ε + = 0 and ε − = 0 and can be expanded in power series around these points. The symmetry properties of eq. (2) force the odd(even) powers of ε − to vanish into the expansion of h 
In the elastic case, when the initial and final mesons coincide, h i→i − vanishes and the vector current is conserved. The conservation of the vector current implies that h i→i + (w = 1) = 1. This condition, inserted in the previous equations, translates into a condition on the derivatives of h i→i + with respect to ε + ∂ n h + (w = 1, 0, 0)
We thus expect that, for values of w ≃ 1 the corrections proportional to ε + will be rather small while the ones proportional to ε − , not constrained by the vector symmetry, can play a role also at zero recoil. This expectation is confirmed by our numerical results (see section VI).
The discussion above is a re-derivation of the "Luke's theorem" [17] . The theorem, originally derived by using HQET arguments, states that h i→i + it is not affected by first order corrections at zero recoil. In our language 
Eqs. (3) confirm the analysis of the subleading corrections to the form factors that has been carried out by the authors of ref. [18] within HQET 1 . The additional symmetries of the static theory imply relations among the coefficients appearing in eqs. (3) and the corresponding ones arising in the case of vector-pseudoscalar and vector-vector transitions. In particular, h i→i + is proportional at leading order to the Isgur-Wise function [3] .
In ref. [8] we have shown the results concerning the form factor G B→D (w) that enters into the semileptonic decay rate of a B meson into a D meson in the approximation of massless leptons ℓ = e, µ,
This form factor is related to h i→f + (w) and h i→f − (w) by
In the case ℓ = τ the mass of the lepton cannot be neglected and the differential decay rate is given by [6, 19] dΓ
In this work we provide an estimate of the function ∆ B→D (w) appearing in the previous relations, including values at w > 1. Its expression in terms of h i→f + (w) and h i→f − (w) is given by
In the elastic case ∆ i→f (w) vanishes identically and, in the approximation in which h i→f − (w) is much smaller than h i→f + (w), it is very well approximated by its static limit
III. LATTICE OBSERVABLES
We have carried out the calculation within the O(a) improved Schrödinger Functional formalism [20, 21] with T = 2L and vanishing background fields. Physical units have been set by using the Sommer's scale and fixing r 0 = 0.5 fm [22, 23, 24] . In order to set the notations, we introduce the following source operators
where s and r are flavour indexes while ζ and ζ ′ are boundary fields at x 0 = 0 and x 0 = T respectively. The bulk operators are defined according to
The improvement coefficient c A has been computed non-perturbatively in ref. [25] . Regarding c V , we have used the perturbative result from ref. [26] but its actual value influences our results at the level of a few per mille.
The quark masses have been defined through the PCAC relation. We have calculated the following correlation functions
and defined
where a is the lattice spacing, k r is the hopping parameter of the r quark and k c is the critical value of the hopping parameter. The renormalization group invariant (RGI) quark masses have been obtained by the following relation
The combination b A − b P of the improvement coefficients of the axial current and pseudoscalar density has been computed non-perturbatively in [27, 29] . The factor Z M is known with very high precision in a range of inverse bare couplings that does not cover all the values of β used in our simulations. We have used the results reported in In order to define on the lattice the matrix elements of the vector current between pseudoscalar meson states, we need to introduce other two correlation functions,
where i and f are the heavy flavour indexes and l is the light one. The external momenta have been set by using flavour twisted b.c. for the heavy flavours; in particular we have used
and ordinary periodic b.c. in the other spatial directions and for the light quarks. We have worked in the Lorentz frame in which the parent particle is at rest (p i = 0). In this frame w is simply expressed in terms of the ratio between the energy and the mass of the daughter particle w = E f /M f . The matrix elements of V µ have been defined by the following ratios
that become the physical matrix elements in large volumes where single state dominance is a good approximation. An alternative definition of the matrix elements (D2), which reduces to the previous one (D1) in the infinite volume and at zero lattice spacing, can be obtained by considering
In eqs. (8) and (9) the renormalization factors Z V and Z A cancel in the ratios together with the factors containing the improvement coefficients b V and b A .
By calculating the following ratio
we have defined w, as well as meson masses and energies, entirely in terms of three point correlation functions. This definition of w is noisier than the one that can be obtained in terms of ratios of two point correlation functions; however it leads to exact vector current conservation when M f = M i and reduces the final statistical error on the form factors. The two definitions of the matrix elements lead to two definitions of the form factors that, in terms of
The last two equations are not defined at w = 1; this is due to the second term in the parenthesis of eq. (11) and (12) that we extrapolate at zero recoil before calculating h i→f − (w = 1) and G i→f (w = 1).
IV. THE STEP SCALING METHOD
The SSM has been introduced to cope with two-scale problems in lattice QCD. In the calculation of heavy-light meson properties the two scales are the mass of the heavy quarks (b,c) and the mass of the light quarks (u,d,s). Here we consider the generic form factor
i→f } as a function of w, the volume L 3 and fix the meson states by the corresponding heavy and light RGI quark masses that, being extracted by the lattice version of the PCAC relation, are not affected by finite volume effects (see eq. 7).
The first step of the finite volume recursion consists in calculating the observable F i→f (w; L 0 ) on a small volume, L 0 , which is chosen to accommodate the dynamics of heavy quarks with masses ranging from the physical value of the charm mass up to the mass of the bottom. As in our previous work we fixed L 0 = 0.4 fm. We have simulated five different heavy quark masses m i,f = {m A first effect of finite volume is taken into account by evolving the results from L 0 to L 1 = 0.8 fm through the factor
computed for each value of w and for each value of the light quark mass. The crucial point is that the step scaling functions are calculated by simulating heavy quark masses smaller than the b-quark mass. understood by relying on HQET expectations (see also eq. (3)),
In the previous relations the superscripts in parenthesis, (n), mark the order of the expansion in the inverse heavy quark mass. The subleading correction to the step scaling functions is the difference of two terms and vanishes in the infinite volume,
, becoming smaller and smaller as the volume is increased. This matches the general idea that finite volume effects, measured by the σ's, are almost insensitive to the high energy scale.
We also compute the step scaling functions of the elastic form factors h i→i + at m i ≃ m b by extrapolating the corresponding results from smaller heavy quark masses. Also in this case the σ's are expected to be almost flat with respect to 1/m i .
In order to remove the residual finite volume effects we iterate the procedure described above once more passing from L 1 to L 2 = 1.2 fm. Our final results are obtained from
V. FINITE VOLUME RESULTS
A. small volume
The small volume L 0 = 0.4 fm has been simulated by using three different values of the lattice spacing (see table II 
1/m i (GeV In figure 2 we show h B→D + (left) and h B→D − (right) as functions of w for the three different values of light quark masses that we have simulated (ranging from about m s to m s /4). As we have anticipated in ref. [8] , we find that the F 's behave as constants with respect to m l within the statistical errors. This happens for each combination of heavy quark masses and for each value of the lattice spacing. Nevertheless we make a linear extrapolation to reach the chiral limit; the resulting error largely accounts for the systematics due to these extrapolations. In the following our results include the mild chiral extrapolation.
B. steps
The parameters of the simulations of the evolution steps are given in tables IV and VI . We have been simulating at two different lattice spacings by limiting the maximum value of the heavy quark mass to m i ≃ m b /2 for the first step and to m i ≃ m b /4 for the second. In figure 3 we show the dependence upon the lattice spacing of the step scaling functions σ i→f
in the worst case (largest value of heavy quark masses). In general our results are consistent with a scaling regime within a few per mille accuracy and the continuum step scaling functions of tables V and VII have been obtained by averaging the results at the two lattice spacings.
In figure 4 we can test our hypothesis on the low sensitivity of the step scaling functions upon the high energy scale. The figure shows the step scaling functions of the form factors h In figure 5 we plot the same quantities as in figure 4 for the second evolution step (from L 1 to L 2 , see table VI). Also in this case the step scaling functions depend very smoothly upon 1/m i .
C. consistency checks
In this section we illustrate the results of two checks that we have done in order to convince ourselves on the consistency of the step scaling procedure. As already discussed in sec. III, we have used two different definitions of the matrix elements and, consequently, of each form factor. In figure 6 we show the comparison of h B→D + (w; L) at L 0 = 0.4 fm (left) and at L 2 = 1.2 fm (right). We see that the results, while differing at finite volume, converge to common values after the step scaling procedure. This makes us confident of a correct accounting of finite volume effects.
A second check of the whole procedure, and in particular of the continuum limit of the step scaling functions, can be obtained by considering the elastic form factor h D→D + (w; L) at fixed w as a function of L. The point is that the charm quark mass has been simulated directly on each physical volume and, in particular, on the biggest one. In figure 7 we fix w = 1.05 (left) and w = 1.10 (right) and see that the step scaling recursion (black points) converge to the result obtained directly at L 2 = 1.2 fm (red points, slightly displaced to help the eye) making us confident of a correct accounting of the cutoff effects and, in particular, of a correct estimate of the error on the continuum step scaling functions.
Our final results are obtained by averaging over the two definitions and by combining in quadrature statistical errors with the systematic ones that we estimate from the dispersion between D1 and D2. 
VI. FINAL RESULTS
In this section we discuss our final results in the continuum, chiral and infinite volume limits (table I). In order to establish the onset of the static limit approximation we plot in figure 8 the form factor h Eqs. (3) and (4) predict that the convergence toward the static limit is faster in the case of the elastic form factors with respect to the ones having m i > m f . This happens because near the point at zero recoil the subleading corrections to h i→f + (w) are proportional to the square of the difference of the initial and final meson masses. Figure 9 clearly shows that this happens in practice. Indeed, in the left plot we see that the elastic form factor h D→D + (w) is much closer to the static limit (very well approximated by h B→B + (w)) with respect to the form factor h B→D + (w), the one relevant into the calculation of V cb shown in figure 8 . In the right plot of figure 9 we show how well eq. (4) is approximated by our numerical data. The fit is performed on the slope while the intercept is fixed to one.
The QCD form factor h i→f + (w) is related to the renormalization group invariant HQET Isgur-Wise function, ξ(w), by the following relation [30, 31] where the γ + term accounts for non-perturbative power corrections proportional to the inverse of the quark masses while the β + term accounts for perturbative radiative corrections. In the case of the elastic form factor h i→i + (w) at the highest value of the simulated heavy quark masses, i.e. the bottom quark mass, power corrections are completely negligible in our data as clearly emerges from figures 8 and 9:
The function β + (m b , m b ; w) depends logarithmically upon the bottom mass through α s (m b ) and vanishes at zero recoil where the renormalized Isgur-Wise function is identically equal to one like the relativistic QCD elastic form factor. These terms are of the percent order and their logarithmic dependence upon m b cannot be extrapolated away from our data. Nevertheless, in order to get the HQET Isgur-Wise function our non-perturbative results for h B→B + (w) (given in table I) can be further corrected by hand through the perturbative β + (m b , m b ; w) given in ref. [30] to leading order 2 .
Finally, we show in figure 10 our best result for the function ∆ B→D (w) that enters in the decay rate of the process B → Dτ ν τ (see discussion at the end of section II). ∆ B→D (w) does not show any significant dependence upon w and is very well approximated by its static limit (see eq. 6). These findings represent a prediction that can be confirmed by a future measurement of the differential decay rate of the process B → Dτ ν τ . Indeed, the function ∆ B→D (w) can be extracted experimentally by the ratio dΓ B→Dτ ντ /dΓ B→D(e,µ)νe,µ that does not depend upon the CKM matrix element. On the other hand, the knowledge of ∆ B→D (w) is required in order to perform lepton-flavour universality checks on the extraction of V cb .
VII. CONCLUSIONS
We have performed the calculation of the form factors that parametrize semileptonic transitions among pseudoscalar heavy-light mesons and made a prediction for the ratio dΓ B→Dτ ντ /dΓ B→D(e,µ)νe,µ . In view of a future measurement of the differential decay rate of the process B → Dτ ν τ , our results will allow to perform lepton-flavour universality checks on the extraction of V cb .
The form factors have been obtained with a relative accuracy of the order of a few percent allowing to establish the range of validity of the heavy quark effective theory for these quantities. In particular we have obtained a check of the predictions of the Luke's theorem that we re-derived. The corrections to the static limit are very small already in the case of the elastic form factor h D→D + and negligible in the case of h B→B + . We have also established the accuracy of the static approximation to the form factors of the decay B → Dℓν which is of the order of 2-3% at zero recoil and reaches about 7% at w = 1.2 where becomes definitely inadequate for precise phenomenological applications.
Our results have been obtained within the quenched approximation and further calculations will be needed to asses the corrections due to unquenching. On the other hand, the accuracy reached in the quenched case demonstrates the feasibility and the opportunity of repeating the present calculation in the unquenched theory. Indeed, the recursive matching process can be extended to the sea quark masses that, alternatively, can be kept to their physical values if the Schrödinger Functional formalism is used. Moreover, flavour twisted boundary conditions can be used for heavy valence quarks also in the N f = 3 unquenched theory. The real case will further differ by the heavy flavour determinants that can be accounted for by a perturbative expansion in the hopping parameter.
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